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A heuristic solution is described for the five body problem in the plane in which 
all five bodies escape to infinity in a finite time. 
I. INTRODUCTION 
In 1897, Painleve [2] proved that in a three body dynamical system with 
Newtonian potential, every singularity is a collision. He was unable to 
extend this result to IZ bodies, n > 4, and conjectured that it might be 
possible to have a singularity without a collision, with one or more bodies 
escaping to infinity in a finite time or exhibiting wildly oscillatory behavior. 
More recently, Sperling [5], starting with an incomplete proof of von Zeipel 
[6], demonstrated that to have a singularity without a collision, some of the 
bodies must escape to infinity, while Saari [3] proved that in such a case at 
least one of the escaping bodies must also exhibit wildly oscillatory behavior. 
Saari [4] later proved that in the case n = 4, such singularities are unlikely, 
in the sense that the set of initial conditions leading to a singularity without 
a collision has measure zero and is of the first Baire category. Then, in 1974, 
McGehee and Mather [I] provided some evidence that such singularities 
actually exist, by proving the existence of unbounded motion in a finite time 
in the linear four body system with binary collisions allowed. However, there 
is no obvious way to extend their example to the planar or three dimensional 
case without collisions. 
We present here a description of a possible solution to the planar five 
body problem which has a singularity without any collisions, although we 
will not prove that this solution actually exists. I have attempted such a 
formal proof by brute force with partial success and feel that this proof could 
probably be completed but would require hundreds of pages of calculations. 
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It does not seem worthwhile to pursue this line, since those calculations not 
included in this paper offer little additional insight. Instead, it might make 
sense for future investigators of this subject to develop a general theory in 
which the kind of heuristic arguments presented here would formally imply 
the existence of a solution. 
II. DESCRIPTION OF THE MODEL 
Let Q,, Q2, Q3, Q4, and Q, be point masses in the plane with Newtonian 
potential. For i = 1 to 5, let mi, ri, and vi be the mass, position, and velocity, 
respectively, of Qi. Note that ri and vi are functions of time t. For any vector 
x, let 1 x 1 and (v) be the norm and argument, respectively, of x. We will also 
write x for (xi. 
We let m3 = m4, and let m, be somewhat greater, but of the same order of 
magnitude as m3 and m4, while m, is much less than m,, and m5 is much 
less than m, . Initially, Q, is in a roughly circular orbit around Qz, while Q, 
and Q4 are much farther away. The bodies Q,, Q3, and Q4 are approx- 
imately at the vertices of an obtuse isosceles triangle, with Q, at the obtuse 
angle. The triangle is slowly expanding while maintaining its shape, with u2, 
L’~, and v, much less than u, , the orbital speed of Q, . Meanwhile, Q5 travels 
rapidly around the triangle, coming close to each of the other four bodies in 
turn, with ug much greater than u, . At each close approach of Q, to another 
body, the distance between the two bodies is much less than the radius of the 
orbit of Q, around Q,, and, hence, much less than the distance between any 
other pair of bodies. It follows that at each such close approach, the path of 
Q, is approximately hyperbolic. The asymptotes of the hyperbola intersect at 
such an angle that QS is sent almost directly toward the next body that it 
must approach, and in this way Qs never escapes from the system although it 
is not gravitationally bound to the other four bodies (Fig. 1). 
Each time Q, passes by Q,, it picks up a small amount of kinetic energy. 
This causes Q, to lose kinetic energy, which in turn causes Q, to fall into a 
lower orbit around Q,, so that the mean kinetic energy of Q, in its orbit 
actually increases by about the same factor as for Qs. As Q, continues 
FIGURE I 
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around the triangle, a small fraction of the kinetic energy it has just gained is 
transferred to Q2, Q3, and Q4, causing the triangle to expand at a faster rate. 
Every time Q5 completes a trip around the triangle, the dimensions of the 
triangle increase by a constant factor slightly greater than one, while the 
speed of Q, increases by a slightly greater factor than the dimensions of the 
triangle. Therefore, the time required for one trip around the triangle 
decreases each trip by a roughly constant factor slightly less than one. After 
a finite time, this geometric progression will converge, and Q5 will have 
travelled around the triangle an infinite number of times, while the triangle 
has become infinitely large. It is true that ri - r2 will approach zero at this 
time, but this does not count as a collision between Q, and Q, because both 
r, and rZ tend to infinity. 
To show that the above scenario is plausible, we derive some relationships 
between the various masses, distances, and velocities. 
As we approach the singularity, the radius of the orbit of Q, around Q2 
shrinks to zero, so the potential energy of Q, and Q, tends to -co. Since Q, 
is in a roughly circular orbit, and m, is much less than m,, the kinetic 
energy of Q, is approximately -4 times the potential energy of Q, and Q,. 
Most of the energy lost by Q, and Q, goes to Q5, so m5u: must always be 
roughly equal to m, vi. It follows that vi/v5 is roughly ,,/G. After Q5 
passes close to Q,, the change in momentum of Q, must be on the order of 
the total momentum of Q,. For any parameter x, let Ax be the change in x 
from one cycle (one trip of Q, around the triangle) to the next. Then Au, is 
on the order of v5 m,/m, z v, mm; and Au, is on the order of v5 \/m,/m, . 
As Q5 continues around the triangle, it also transfers momentum to Q,, Q3, 
and Q4, although, in the case of Q,, it is more useful to think of the 
momentum being transferred to the center of mass of Q, and Q2. In all three 
cases, the momentum transfer simply increases the outward expansion of the 
triangle, and, for i = 2, 3, and 4, Avi is on the order of v5m5/mi. As we 
approach the singularity, vi (i = 2, 3,4) tends to infinity, so vi/v, must tend 
to some value (or range of values) on the order of Avi/Av,, and vi is on the 
order of v5 fi</m,. Let 6 be the distance around the triangle, and let t be 
the time required for Qs to travel around the triangle. Then Ad/6 is on the 
order of vi/v, (i = 2, 3, and 4), and Arlr is on the order of Ad/6 - Av,/v,, or 
fi, %y/mi - $&,lm, = (m,/m, - 1) dfi. As long as m, is much less 
than mi (i = 2, 3, 4), AZ/Z is negative and the sum of all the t’s converges. 
In order for this model to actually work, three things must happen. First, 
each time Q5 passes by Q,, the phase of Q, in its orbit around Q2 must be 
such that Q5 gains kinetic energy rather than losing it. A related requirement 
is that the repeated encounters of Q, with Q, must not cause dhe eccentricity 
of the orbit of Q, to increase too much; otherwise, Q, might collide with Q,. 
As we shall see, both requirements are automatically satisfied if, at the time 
of each encounter with Q,, Q, is within a certain interval in the last 
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quadrant of its orbit before periapsis. In order to guarantee that this is true 
for every one of an infinite number of encounters, we set things up so that a 
small change in the phase of Q, at one encounter with Q, results in a large 
change in the phase of Q, at the next encounter. It follows that there exists a 
closed set of measure zero (indeed a perfect set) such that if the phase of Q, 
is in this set initially, then the phase will be in the correct interval at every 
encounter. 
Second, the triangle must expand uniformly, so that its shape is main- 
tained. We shall see that if m,, m,, and m,, are in the same ratio as the 
respective lengths of the sides of the triangle opposite Q,, Q3, and Q4, then 
the shape of the triangle is maintained automatically. Any perturbations 
from this shape tend to be damped out as the triangle expands. 
Third, each time Q5 approaches one of the other bodies, it must do so with 
just the right velocity and at just the right distance, so that the angle made 
by the asymptotes of its hyperbolic orbit is just right to send Q, on toward 
the next body. It should be possible to guarantee this by choosing suitable 
initial conditions for Q5, since a change in rs and v5 at the time of an 
encounter with one body will usually be magnified at the time Q5 encounters 
the next body. This is the principle which allows such spacecraft as 
Voyager 2 to visit several planets in succession. In the next three parts of 
this paper, we shall examine each of these points in greater detail. 
III. THE PHASE OF Q, IN ITS ORBIT AROUND Q, 
If we ignore the influence of the other bodies, Q, moves around Q, in an 
elliptical orbit. Let E be the total energy and let A be the total angular 
momentum of Q, and Q, in their center of mass coordinate system. Then 
where g is the coupling constant of Q, and Q, (i.e., g = Gm, m,, where G is 
the gravitational constant), and 
A=m,m,(m,+m,)-‘(r,-r,)x(v,--v,), 
where x is the scalar cross product, x x y = 1x1 Iy 1 sin((y) - (x)). Let E be 
the eccentricity and s the semi-major axis of the orbit of Q, , and let V be the 
mean speed of Q, in its orbit. Then 
E = $I + 2EA’(m, + m2)/g2m,m2, 
s = - fg/E(l -I ml/m,), 
505/52/l-6 
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and 
V = \/--2Em,/m,(m, + mJ. 
We wish to determine how the close approach of Q5 to Q, and Q, affects E 
and s. We first note that since m,vf is approximately equal to m,v:, Q, 
must come within a distance on the order of sm2m5/mf from Q, or sm,/m, 
from Q, to be appreciably perturbed by those bodies. Unless E is very close 
to one, the distance between Q, and Q2 is always on the order of s. We, 
therefore, choose the masses of the bodies so that m,m,/mf is very small. 
This allows us to consider the close approach of Q5 to Q, independently of 
the close approach of Q5 to Qz. 
Now the immediate effect of the close approach of Q5 to Q, (resp. Q,) is 
to change the momentum of Q, (resp. QJ by an increment on the order of 
m5v5. However, since m, is much greater than m,, a given change in 
momentum will cause a much smaller change in the kinetic energy and 
angular momentum of Q2 than of Q,. Therefore, if we wish to estimate 
changes in E and A (and hence changes in E and S) we can ignore the 
interaction of Q5 with Q,. 
As we noted earlier, the path of Q5 in the vicinity of Q, can be approx- 
imated by a hyperbola. We can simplify the picture further by ignoring the 
gravitational interaction between Q, and Q,, and having Q5 undergo an 
elastic collision with Q,, where the path of Q5 before and after the collision, 
respectively, is parallel to the corresponding asymptote of the hyperbola. We 
will take all positions and velocities relative to the center of mass of Q, and 
Q, before the collision. Let v; and v: be the velocity of Q5 before and after 
the collision, respectively, and let v; and v : be the velocity of Q I just before 
and just after the collision (actually the limits as t approaches the time of the 
collision from below and above). Let Av, = v : - v ;. We shall also refer to 
AE, AA, Av5, etc., but since E, A, v5, etc. hardly change except during the 
close approach of Q, to Q, , the meaning of the A terms is essentially the 
same as we used before, viz., the change from one cycle to the next. 
Now AE and AA (and hence AE and As) depend on two angles: a = 
~+(v;>-(v;) and /? = (v:) - (VI) (Fig. 2). In the limit as m,/m, and 
m,/m, go to infmity, we have AE = A(m, vt/2) = m, v, Av,, where Au, is the 
component of Av, parallel to v, , namely, -(cos a + cos /I) v, m,/m, . Hence, 
AE= [-cosa-cos/3+o(l)]m,v,v,, 
where o( 1) tends to zero as m,/m, and m,/m, tend to infinity. Likewise 
AA = A(m, vi X r,) which is equal to m, r, times the component of Av, 
normal to r, . Since Q5 heads straight for Q2 after bouncing off Q,, this 
component of Av, is - sin(a + 8) v5 m5/m,, so 
AA= [-sinacosp-sin/?cosa+o(l)]m,v,r,. 
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ButA=m,v,r,sin/?andE=-m,C2/2,so 
d(EA2)=A2dE+2EAAA+o(m~m,~3v,r~) 
=m~m,v,fi2v,r~sinp sinacos/?+sinpcosa 
I 
-i i 
3 2(sin/?cos/?+sinPcosa)+o(l)]. 
We can assume, without loss of generality, that A > 0 and, hence, 
sin /3 > 0. Suppose Q, is in the last quadrant of its orbit around Q2 before 
periapsis. Then v,/U > 1 and cos /I > 0, or v,/C > 1 and cos /I > 0. In either 
case, if sin /I - sin a > 0 (and not too close to zero), then d(EA2) will be 
negative. Since E is a monotonically increasing function of EA2, if 
A(EA2) < 0 then As will be negative also, unless E is close to zero to start. 
Likewise, if cos a > 0 (and not too close to zero) then AE will be negative, 
and so will As. We wish to show that no matter what the orientation of the 
major axis of the orbit of Q, with respect to the triangle formed by Qz, Q3, 
and Q4, we can always find an interval for the phase of Q, in the last 
quadrant of its orbit (i.e., an interval for (ri)), so that cos a and sin /I - sin a 
are both greater than some fixed positive number. Once we do this, then we 
need only guarantee that the phase of Q, falls within this interval each time 
Q, encounters Q, on its trip around the triangle. It would then follow 
automatically that each such encounter would cause s to decrease and v5 to 
increase by a factor of 1 + c Jrnx, with c always falling between fixed 
positive constants, while E remained close to zero. 
As Q, travels through the last quadrant of its orbit before periapsis, (v;) 
ranges over an interval of length 42. Since E will always be close to zero, /I 
is always close to 42. By permitting a to range from just above --/I to just 
below /I, we can cover any value of (v;) (and, hence, any orientation of the 
triangle relative to the major axis, since (v;) z (r4) + rr) in an interval of 
Q5 
cy- 
a1 _r,C__- --- -- 
__-- __-- P L 
?I!3 
I -_ 
l 02 
__ 
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length slightly less than 3x/2. To take care of the remaining values of (v;), 
we allow Q, to encounter Q, immediately after Q,, instead of before, so that 
(vl) z (r3), and redefine a and p so that a = (v;) - (v:) and p= 
rr + (v5 ) - (v;) (Fig. 2 remains unchanged, except that Q5 moves along its 
path in the opposite direction). This covers another interval of values of 
(v;), also of length slightly less than 37c/2. The two intervals are displaced 
from each other by an angle of approximately (r3) - (r4). Therefore, if the 
triangle is sufficiently obtuse, the two intervals together cover a full 27t 
radians. Since there is some overlap, not only can we find a phase for Q, 
satisfying all the conditions that we need, but we can find an interval of such 
phases; furthermore, the length of this interval need not tend to zero as 
m,/m, and ml/m, tend to infinity. 
We must now arrange things so that Q, always falls within this interval 
when it encounters Q5. We do this by making the triangle sufftciently large 
that a small change in the phase of Q, at one encounter with Q, results in a 
large change in the phase of Q, at the next encounter, after Q5 has travelled 
around the triangle. 
Consider a family of initial conditions of the system parametrized by 
w = (r,), and assume that the orbital elements of Q, other than w, and the 
positions and velocities of the other bodies, do not vary much with v/. Since E 
is small, dpld~ is close to zero and d(v;)/dy/ z 1. Since (v;) 2 (r,,) + rr, 
d(v;)/dy is close to zero, so da/dtp z 1 and dAE/dtyz m5 v,v5 sin a. If we 
exclude a small interval around zero from our permitted values of (I, then 
dAE/dy will always be on the order of m5v, v, or E ds (there is no 
problem excluding such an interval, since the length of our interval of 
permissible values of I,U does not become arbitrarily small). It follows that 
dAs/dyl is on the order of s dm,/m, . Now vi (i = 3 and 4) is on the order of 
v,Jm,m,lmi 3 so as Q5 travels once around the triangle, 6 (the distance 
around the triangle) must remain constant to much better than one part in 
d%&. If we specify that IdvJdyI = o(vi), then dAS/dy is much smaller 
than 6 dfi. On the other hand, by conservation of energy, U/v, cannot 
vary much with w; certainly not by anything on the order of one part in 
v’x. Let rp be the angular distance travelled by Q, in its orbit while Q5 
travels once around the triangle. Then dcp/dty must be on the order of 
v, &$&. But rp is very close to (6/s)(fi/v,) =: (6/s) vfi. Therefore, by 
setting 6/s much greater than m,/m,, we can ensure that dcp/dyl is much 
greater than one in absolute value (as the system evolves, 6 increases and s 
decreases, so 6/s remains much greater than m,/m,). Let I,# be the phase of 
Q, after one cycle. Then I@ = v + q~ and 1 dy’/dy 1 is much greater than one. 
It should then be possible to line tune v so that the phase of Q, always ends 
up in the right interval for an infinite number of encounters with Q5. Indeed, 
if Idyl’/dy/I is large enough for the interval of v to always be mapped onto 
an interval of w’ going around the circle at least twice, then the pre-image of 
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each interval (going back one cycle) consists of at least two intervals. In that 
case, there should exist a perfect set of values of v/ which ensure that Q, 
always ends up in the right interval. (Of course, there are many details which 
must be checked. For example, the proper interval for the phase of Q, 
depends on the orientation of the major axis of its orbit, so we must check 
that this orientation, one cycle later, is not affected too much by changes in 
w. Also, at each trip around the triangle, we must be free to choose whether 
Q, will encounter Q, before or after Q,. We can make this choice by slightly 
changing the initial conditions of the system, but we must check that these 
changes have no significant effect on the phase of Q,, the orientation of the 
major axis, etc.) 
IV. STABILITY OF THE SHAPE OF THE TRIANGLE 
In considering the shape of the triangle as a whole, there is no need to 
consider Q, separately from Q2 (indeed, as we have seen, lr, - r,l E s, while 
lr2-r31, lr3--r41, and lr4-rzI are all on the order of 6, but 6/s must be 
greater than m/q). Instead, when we refer to Q,, we shall really mean the 
subsystem consisting of Q, and Q,; thus r2 and v2 will be used for the 
position and velocity of the center of mass of this subsystem. This abuse of 
notation will make no practical difference, since m, is much less than m, . 
All positions and velocities will be relative to the incenter of the triangle 
formed by Q,, Q3, and Q4. If the shape of this triangle is to remain constant 
as it expands, then v2, vj , and vq must have respective lengths in roughly the 
same ratio, and point in roughly the same directions, as rz, r3, and r4. Since 
v29 v3, and vq all increase to infinity, it is sufficient that dv2, dv,, and Av, 
have the same ratio of lengths and point in the same respective directions. 
We can approximate the encounter of Q, with each of the other bodies as an 
elastic collision. Let 28, (i = 2, 3,4) be the interior angle of the triangle at Qi 
(Fig. 3). Then Avi is indeed roughly parallel to ri (since the latter vector 
FIGURE 3 
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coincides with the angle bisector at Q,), and (dviI is approximately 
2v,(m,/mi) cos 8,. We therefore want 
cos 8, cos 8, cos 8, 
z-c -. 
r2m2 r3m3 r4m4 
By the law of sines, 
r2 sin 8, = r3 sin 8, = r4 sin e, . 
Therefore, since sin 28, = 2 sin ei cos Bi, we have 
sin 28, sin 28, sin 28, 
-=-=-2 
m2 m3 m4 
and, applying the law of sines to the whole triangle, 
h-h = h-r2i = lr2-r3i 
m2 m3 m4 
Thus, the shape of the triangle is in equilibrium if the three masses are in the 
same ratio as the lengths of the sides of the triangle opposite those masses. 
We must now demonstrate that this equilibrium is stable. 
Let 28, be the interior angle at Qi and let ri be the distance vector from the 
incenter of the triangle to Qi when the triangle is in equilibrium. Suppose the 
triangle is perturbed so that these quantities become 28,’ and rr, respectively, 
where 0; = Bi + hi. We consider what happens in the limit as all the hi’s tend 
to zero; however, we let hi + 0 arbitrarily slowly as m,/m, and m,/m, tend 
to infinity. Note that 0, + e3 + 8, = 8; + 0; + 8; = n/2, SO h, + h, + h, = 0. 
We can assume, without loss of generality, that the radius of the inscribed 
circle is unchanged by the perturbation of the triangle, so 
and 
r( sin e; = ri sin ei, 
sin 8. 
r!=r.L=ri[l-hicotei+o(hi)J. I ’ sin e; 
Let dvi and dvf be the change in the velocity of Qi as a result of its 
encounter with Q5, when the triangle is in equilibrium and when it is 
perturbed, respectively. Then 
and 
(hi) = (r;) + o(hi) 
/dv;~=~Avip& (dvi / [ 1 - hi tan Bi + o(hi)]. 
I 
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It follows that 
r! 
-L = T’ [ 1 - hi cot oi + o(hJ + 0(/z,)], 
$ rj 
and, since (dvi]/]Avj/ = r;/r,i, 
IAv;I ri 
___ = - ] 1 - hi tan ei + /zj tan ej + o(hi) + 0(/z,)]. 
jAv;I rj 
In equilibrium, we want the triangle to be isosceles, with an obtuse angle at 
Q2. Therefore r3 = r4 and 0, = 0, < 7714, so 
z= 1 + (h, - h,)[cot 8, + o(l)] 
and 
IAVi I - = 1 + (h, - h,)[tan 0, + o(l)]. 
IA4 I 
Since tan 19, < cot 8,, it follows that r3/r4 is stable against being perturbed 
away from 1, and the triangle will tend to remain isosceles. 
We now let h, + 0 arbitrarily slowly as t-;/r; + 1. Then h, = h, [ 1 + o(l)] 
and h, = -2h,( 1 + o(l)]. Therefore, since 8, = rc/2 - 2f?,, 
r; 
- = : [ 1 + 2h, tan 28, + h, cot 0, + o(h,)] 
6 
and 
~ = 5 [ 1 + 2/z, cot 28, + h, tan e3 + 0(h3)]. lAv;l 
IAvSI r3 
But 2 cot 28, + tan e3 = cot 8, < 2 tan 28, + cot e3. Thus r2/r3 is also stable 
against being perturbed from its equilibrium value, and the triangle will tend 
to maintain its shape as it expands. 
V. THE ANGLE OF DEFLECTION OF Q, 
So far, we have approximated the path of Q, by a sequence of straight line 
segments punctuated by elastic collisions of Q, with each of the other bodies. 
During these collisions we allowed the path of Q5 to be deflected by an 
arbitrary angle. We must show that this path can be approximated by a 
sequence of hyperbolas. One necessary condition is that at each encounter of 
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Q, with Qi (i = 1, 2, 3, or 4), the minimum distance between Qs and Qi must 
be much less than the distance between Qi and any of the other bodies. Since 
6/s is much greater than one, the minimum distance between any two bodies 
other than Q, is approximately s, the semimajor axis of the orbit of Q, 
around Qr. As long as the angle of deflection of Q, is not too close to zero, 
the minimum distance between Qs and Qi will be O(sm,m,/m, mi) = o(s). As 
long as the angle of deflection is not X, the path of Qs can be approximated 
locally by a hyperbola. Furthermore, if the angle of deflection never gets 
close to rt, then Q,, while travelling on a nearly straight path between two 
bodies, cannot accidently approach a third body closely enough to be signifi- 
cantly deflected. 
If i = 3 or 4, then the angle of deflection is 7c + 219, (see Fig. 3) which does 
not change much as the triangle expands, and, in particular, stays away from 
0 and Z. If i = 1, the angle of defection is rc + (r + /I or 71- a - /3, depending 
on whether Qs visits Q, or Q, first (see Fig. 2). Since a is bounded from 
below by a value strictly greater than -/?, and above by a value strictly less 
than /?, and since p < 7~12, the angle of deflection is again bounded away 
from 0 and rc. If i = 2, the angle of deflection differs from minus the angle of 
deflection at Q, by approximately rr - 28,, the supplement of the obtuse 
angle of the triangle. If this supplement is sufficiently small, then the angle of 
deflection at i = 2 will also be bounded away from 0 and rc. 
We now present a heuristic argument that the path of Qs can be approx- 
imated globally as well as locally by a sequence of hyperbolas. The idea is to 
show that the infinite number of angles of deflection in the path of QS can ail 
be adjusted simultaneously by a small change on the initial conditions. 
Consider the path of Qs in some interval of time during which it closely 
approaches Qi, but no other body. As a first approximation, we turn off the 
gravitational fields of the other three bodies. Then Q, follows a hyperbolic 
orbit with asymptotes intersecting at the angle 
Li = 2 arcsin( l/e), 
where E is defined as before, but with subscripts 5 and i instead of 1 and 2. 
Expanding this equation in terms of the mass, position, and velocity of Qs 
and Qi, we have 
Li = 2 arctan 
i 
GM5 + mi> 2G(m, + mi) “2 1 
(r, - ri) X (vg - vi) Iv5 - “I2 - lr5 - ril I i’ 
Consider a family of initial positions and velocities of the five bodies 
parametrized by li. We assume that before the close encounter of Q, with 
Qi, all relative positions and velocities vary quite slowly with Li, so that 
after the encounter d(r, - r,)/dk, z d(v5)/dAi z 1 (Fig. 4). 
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FIGURE 4 
Let Qj be the body encountered by Q5 immediately after Qi. We define J,i 
in the same way as ki, but with the subscript j replacing i. Since the 
gravitational field of Qj is still turned off, do not, for the moment, think of Ai 
as an angle of deflection, but as an arbitrary function of the mass, position, 
and velocity of Q5 and Qj. Note that A,i (unlike ni) varies with time. We, 
therefore, choose some time t (which may vary slowly with Ai) after the 
encounter of Q5 with Qi and before the encounter with Qj, when Q5 is not 
close to either body, and consider kj as this t only. Since Q5 is not very close 
to Qj, the negative potential energy of Q5 and Qj (if the gravitational field of 
Qj were turned on) would be much less than the kinetic energy of Q5. 
Therefore, in the definition of lj, the term -2G(m, + mj)/lr, - r,i) is much 
less than Iv5 - vj12 and can be ignored. We also have m, = o(m,i) and 
v,j = o(uJ, so 
li =: 2 arctanIGm,Jv: /rs - piI sin((v.,) - (r5 - ri))\. 
A similar approximation holds for di at time t (since Q5 is not close to Qi). 
The above approximation of Ai should remain valid if we take the derivative 
of both sides with respect to Ai. Now 
Ir, - ril sin((v,) - (rs - ri)> 
= Ir,j - ril sin((ri - r;) - (v5)) + lri - rs I sin((v,) - (rs - ri)). 
Since d(v5)/dAi =: 1, the derivative with respect to Ai of the first term on the 
right-hand side of the equation is on the order of lrj - ril. The second term is 
approximately Gm, vr2 cot(J.J2) (since li z 2 arctan, etc.), so its derivative 
with respect to li is on the order of Gm,v;‘. But Gmiv;‘/lrj-ril is very 
small (again, think of it as a ratio of potential to kinetic energy), so the 
second term on the right-hand side of the equation can be ignored when we 
are taking the derivative of Ir, - rj/ sin((v,) - (r, - rj)). Of course, we will 
eventually identify Aj with the angle of deflection of Q5 by Qj, so we are 
really only interested in initial conditions which give rise to values of Aj 
which are not too close to zero. Therefore Q, must be heading almost 
directly toward Qj, and (rj - ri) - (v,) must be close to zero. It follows that 
88 JOSEPH L. GERVER 
the derivative of Irj - riI sin((rj - ri) - (v5)) with respect to Ai is approx- 
imately - ( rj - ri I. Finally, ignoring dv,/dAi, we have 
2 
U:lrj-ril 
Gmj 
and 
3% 
dLi 
24 lrj-ril sin~ & 
Gmj t 1 2 * 
If Aj is not too close to zero, then dAj/dAi is on the order of 2~: lrj - ril/Gmj, 
which is much greater than one. 
We now turn the gravitational fields of the other bodies back on. Nothing 
is changed very much, because during the interval of time that we just 
analyzed, Q, did not come close to any other body except Qi. In particular, 
suppose we evaluate li (which now changes with time) at the time of the 
closest approach of Q, to Qi, and consider the map from Ai to A,. The actual 
values of this map might be changed considerably by the gravitational 
influence of the other three bodies, because even a small perturbation of Q5 
before its encounter with Qj can have a large effect on Lj. However, the value 
of d,lj,Jdki at a given value of lj should not be affected much, because the 
derivative with respect to ;li of the perturbing effects of the other three bodies 
should be very small. This follows from the fact that the derivatives with 
respect to Ai of all initial positions and velocities are small, and Q5 does not 
come close to any of the other three bodies (so that no steep gravitational 
gradient occurs). Moreover, the value of dij/dLi at a given value of ;lj should 
not change much if we evaluate Lj at the time of the closest approach of Q5 
to Qj, since, with the gravitational field of Q.j turned on, A/ changes with time 
only because of the weak influence of the bodies other than Q5 and Qj. 
We have then a map from Ai to 1, with dAj/dli much greater than one. We 
can now find a subset of the family of initial positions and velocities which 
yields acceptable values for Aj, and reparametrize this subset by Lj. The 
positions and velocities of the five bodies, at some time before the encounter 
of Q, with Qj, should vary sufficiently slowly with Aj that we can repeat the 
same argument and adjust the value of A,, the angle of deflection of Q, at 
the next encounter. Finally, we should obtain an infinite sequence of nested 
subsets which converges to a single set of initial conditions yielding the 
correct value of the deflection angle for an infinite sequence of encounters. 
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VI. REMARKS 
I have been able to prove: 
THEOREM. Let Q,,..., Q5 be point masses in the plane with positive 
inertial mass, and let an attractive force exist between Q, and Q, inversely 
proportional to the square of the distance and not aflecting the other three 
bodies. Suppose that Q, is allowed to undergo elastic collisions with each of 
the other bodies, and the angle of deflection of the velocity of Q, in the center 
of mass coordinate system is arbitrary for each such collision (but never 
within d of 0 or rt). Then the masses, initial positions and velocities, and 
angles of deflection can be chosen so that all five bodies escape to infinity in 
a Jnite time. Furthermore, if one takes any pair of bodies other than Q, and 
Q2 and calculates what their relative potential energy would be if all five 
bodies had gravitational fields proportional to their masses then this fictional 
potential energy can be made arbitrarily small compared to the relative 
kinetic energy of the two bodies, except for short intervals of time during 
which the two bodies (one of which must be Q5) undergo an elastic collision. 
These exeptional intervals of time need not overlap and can be made 
arbitrarily small compared to the time between consecutive intervals. 
The proof of this theorem, which follows the ideas presented in parts III 
and IV of this paper, is nearly one hundred pages long and is, therefore, 
omitted here. I ,would be happy to send it to any masochist who wishes to 
read it. 
The proof of the theorem hinges on the properties of a one parameter 
family of positions and velocities for the five bodies, parametrized by y/, the 
phase of Q, in its orbit around Q, at the time of its encounter with Q,. To 
extend this proof to the Newtonian case, one would probably have to 
consider a two parameter family, parametrized by both I,U and 1, the angle of 
deflection of Q5 during its encounter with Q,. The idea would be to show 
that if the family is sufficiently well behaved (all positions and velocities, as 
well as their partial derivatives with respect to v/ and A, within certain 
bounds), then one can always find a suitable subfamily which, under the 
operation of following QS once around the triangle, maps onto another well- 
behaved family parametrized by I@ and A.‘, the new values of the phase and 
deflection angle. By iterating this procedure, and taking the pre-images of the 
domains of successive maps, one would converge to a set of initial conditions 
leading to a singularity with no collision. 
The calculations required to prove the Newtonian case would probably be 
much longer than for the elastic collision approximation, since in the latter 
case one is really dealing with a discrete system, inasmuch as the velocities 
of Q3, Q4, and Q5, and the orbital elements of Q, and Q, remain constant 
between collisions. 
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Suppose we choose a set of 20 independent scalar parameters, including r// 
and A, to describe the intial positions and velocities of the five bodies in the 
plane. For any set of values of the other 18 parameters in a suitable open 
neighborhood, one could find values of w and 1” leading to a singularity 
without a collision. Therefore, the set of initial conditions leading to such a 
singularity has codimension 2 in the set of all initial conditions. Since the set 
of initial conditions leading to a triple collision has codimension 3, we would 
have the surprising result that if there exists a singularity through which the 
equations of motion cannot be continuously extended (i.e., a singularity other 
than a binary collision) then there is almost certainly no collision at all! 
It is quite possible than one can also have a singularity without a collision 
with four bodies in the plane, but this will be harder to prove for a number of 
technical reasons. In particular, Saari’s result f4] that the four bodies must 
approach a straight line means that the angles of deflection of the smallest 
body cannot be bounded away from z 
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